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A new method is presented for the design of control laws for systems with on-off nonlinear actuators. The new
methodology improves the design of control laws for pulse-modulated systems by allowing the use of continuous-
time, multi-input/multi-output design procedures. Discrete-time state feedback control gains are developed from
the digital redesign of continuous-time feedback gains, based on a geometric series approximation, to closely match
the states of the closed-loop hybrid system to those of the original designed closed-loop, continuous-time system
at each sampling instant. A delay is then incorporated into a pulse-width modulator design to closely match the
states of the modulated system to those of the discrete-time, pulse-amplitude modulated system. The delay time is
improved from previous work to provide a close match between the states for pulse durations of all sizes, in effect
matching the states of the pulse-width modulated system to those of the closed-loop, continuous-time system. The
new control law design is applied to the problem of attitude control of the Space Shuttle Orbiter with the Hubble
Space Telescope deployed on its remote manipulator.

Introduction

M ANY paradigms are available for the synthesis of control
laws for continuous-time systems, and though many meth-

ods also exist for developing discrete-time or digital controllers, it
is often desirable to design a control law for the continuous-time
plant. It is often more direct to determine the control specifica-
tions in the continuous-time or frequency domain. Also, direct dig-
ital control law design has difficulty in predetermining the hybrid
control specifications and ignores intersampling effects. Neverthe-
less, these continuous-time control laws are generally implemented
via discrete-time computer control, requiring that a discrete-time
control, equivalent to the continuous-time control, be developed.
The process of developing discrete-time control laws that provide
closed-loop performance of the hybrid system equivalent to the per-
formance of the designed closed-loop, continuous-time system is
known as digital redesign. Several techniques have been developed
to digitally redesign continuous-time feedback controllers.1"3

Unfortunately, the principal applied for the design of discrete-
time control laws, i.e., that the amplitude of the control signal can
take any finite value, which is why discrete-time control is often
referred to as pulse-amplitude control (PAM), is not valid for all
computer-controlled systems. Systems that utilize on-off control
devices, such as the reaction jet or electronic relay, can only provide
a single finite value of control. To provide control with these types of
actuators, either complex nonlinear algorithms4 must be developed
or the control must be applied by modulating the pulse width, the
pulse frequency, or both the pulse width and frequency. These mod-
ulation techniques, in particular pulse-width modulation (PWM),
allow the design of linear control laws to control nonlinear systems.
Although methods exist for the design of linear control laws for
PWM systems,5 they still rely heavily on using single-input/single-
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output plant models and nonlinear stability analysis techniques to
determine pulse modulator parameters. Another method used in the
design of PWM control laws, which provides a measure of stability
but does not minimize the error between the discrete-time model
and the PWM model, is to treat the error as a bounded uncertainty
to be included in the design or stability analysis of the system.6

Recently, a method was proposed to include a delay in the ap-
plication of the pulse to minimize the error between the PWM and
PAM models.7 The delay is developed on the assumption that the
pulse duration will always be small compared to the sample time of
the discrete-time control. For systems meeting this assumption, sta-
bility of the closed-loop, discrete-time system is maintained, that is,
multi-input/multi-output control can be applied and the steady-state
error between the PWM and PAM systems is minimized.

This work extends the previous efforts by applying improved
methods for both the digital redesign of the continuous-time, state
feedback gains and the calculation of an appropriate delay in the
application of the pulsed control input. Additionally, the two tech-
niques are combined to develop a pulse modulated control law that
closely matches the states of the closed-loop, hybrid (discrete con-
trol law, pulse modulated control, and continuous-time plant) system
to those of the original closed-loop, continuous-time system. The
digital redesign of the state feedback gains is based on a second-
order geometric series approximation8 of the discrete-time system,
whereas the pulse delay is calculated based on the system itself and
the pulse duration.

The new design method is applied to the problem of attitude con-
trol for the Space Shuttle Orbiter with the Hubble Space Telescope
deployed on its robotic arm to demonstrate the performance of the
proposed design technique.

Linear Control Law Design
The first step in the design of the control law is to determine a

continuous-time, state feedback control that meets the required per-
formance specifications. Although several regulator design tech-
niques exist to determine the state feedback gains, placement of
the closed poles in a vertical strip9 is employed here. Next the
continuous-time gains are digitally redesigned to provide discrete-
time gains. These discrete-time gains provide equivalent closed-loop
performance by closely matching the states of the hybrid system to
the continuous-time, closed-loop system at each sampling instant.
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Fig. 1 Pole placement in a vertical strip.
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State Feedback
Given the continuous-time, state-space system

- AX(t) + Bu(t), y ( t ) = CX(t) (1)

the standard linear quadratic regulator theory minimizes the cost
function

u(t)TRu(t)]dt

Q > 0, R > 0 (2)

by solving the algebraic Riccati equation (ARE)
PA + ATP + Q- PBR~1BTP = 0

to determine state-feedback control gains
K = R~1BTP

(3)

(4)

where Q and R are used as weighting functions. Direct control over
the placement of the closed-loop poles can be obtained by modifying
the cost function in Eq. (2) to place the poles in a vertical strip, as
shown in Fig. 1. This results in minimizing the cost function

1 f °
= -

^ Jo

- PBR~1BTP =0
by solving the ARE

AP +

where
A = A+aIn

and the feedback gains are determined from
K = yR~lBTP

where
h2-hl_ _

7 ~" 2 " tr(BR~lBTP)
If

max(Re(|X(A)|))

(5)

(6)

(7)

(8)

(9)

(10)
then all of the closed-loop poles lie in the vertical strip of Fig. 1. It
should be noted that stable poles to the left of the vertical strip may
not migrate to within the strip.

Geometric Series Digital Redesign
To implement the state-feedback control into a digital computer,

the continuous-time gains calculated in Eq. (4) or Eq. (8) must
be digitally redesigned to provide discrete-time gains that provide
equivalent system performance, i.e., the states of the closed-loop hy-
brid system closely match the states of the closed-loop, continuous-
time system at each sampling instant. Geometric series modeling of
discrete-time systems is applied to develop discrete-time gains that
closely match the states, even for relatively long sampling periods
near the Nyquist period.

To develop the discrete-time model

X(k = CX(k) (H)

equivalent to the continuous-time model of Eq. (1), Shieh et al.8
proposed a geometric series approximation of the Taylor series ex-
pansion ofe A T :

i . *T .= /„ + AT +
2!

•+
3!

.+
4!

.+ ' (12)

by

where

(13)

(-1)/(4^W

T< for

resulting in a second-order approximation of

G2 = [/„ - \AT +

« G

\AT + ±

and

H2 = [/„ - \AT + ±(ATf]~lBT H

(14)

(15)

This geometric series is applied to determine discrete-time feed-
back gains that match the states of the closed-loop, continuous-time
system to those of the closed-loop, discrete-time system at each
sampling instant XC(J (k T) = Xc(t)\t = KT, where XCYy(&^) andX6.(f)
are the states of the closed-loop, discrete-time and continuous-time
systems, respectively. The objective of digital redesign is to find
the discrete-time feedback gain Kj that matches the states of the
closed-loop systems at each sampling instant. Let, G = e(A~RKc^T ,
where Kc is the continuous-time, state feedback gain, then find the
discrete-time control gain Kd that satisfies

G = G-HKd

at each sampling instant kT.
Applying a geometric series to approximate G provides

G2, G2 - [/„ -

(16)

AP]

(17)

where

AP = i(

and A A = — BKC and A = A — BKC, and Kc is the continuous-time,
state feedback gain. This can be rewritten as

G « G2 - G + [/„ - \AT + ̂ (AT)2\{

x [|AA(G + In)T + ^[AAA + AAA + AAA2](G - ln)T2]

(18)

G ^ G + A G (19)

where

x [I AA(G 4- In)T -h ^ + AAA + AAA2](G - In)T2]
(20)

Setting AG equal to — HKd, we can explicitly solve for the de-
sired values of Kd to match the states of the discrete-time system to
those of the continuous-time system. Applying the pseudoinverse
of A A and the matrix inverse lemma gives

AG = -±HPKC(G + /„) + (T/16)HPKC(A + A)(G - /„)
(21)
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providing
Kd = \PKC[(G + In) - (7Y8)(A + A)(G - (22)

where
P = {lm + iKc[ln-l(A + A)T]H} l

and A = A + AA = A -BKC and A = (AA)+AAA e m / J X 7 7 ,with
(A A)4" € $lnx" the pseudoinverse of AA.

Given the continuous-time, feed forward gain Ec, the discrete-
time, feed forward gain Ed is obtained in a similar manner from

HEC = [G- In]A~lBEc w H2EC (23)
and

U J7 <~*~i IJ \ri2^c ~ # |

providing
±*C[/B - (7Y8)(A + A)]H}~1EC (24)

\Ke[In - (7Y8)(A (25)

Therefore, the discrete-time, state feedback gain Kd along with
the feed forward gain Ed can be applied at each sample time kT
to match the states of the closed-loop hybrid system to those of the
original closed-loop, continuous-time system.

PWM Design
For systems with a constant magnitude on-off control, such as

reaction jets and/or electronic relays, the amplitude of the control
cannot be modulated. Therefore, the duration or width of the control
signal must be modulated. Figure 2 provides a graphical comparison
of the PAM and PWM systems. Typically, the duration of the pulse
width is computed based on the principal of equivalent area10 and
placed at the beginning of the sample period (T = 0). The method
employed here will also utilize the principal of equivalent area, but
the pulse will be delayed to minimize the error between the PAM
and PWM states.

The response of the system to discrete-time control inputs ud is

T\BTud (26)

whereas the response of the system to a pulse modulated control,
with a pulse duration of 5, pulse delay of r, and a constant control
magnitude of UM , is given by

/-°2_ A* \
(27)

resulting in an error between the states of PAM and PWM systems,

-r\BTud

(-5)'' \B8uM (28)

Applying the principal of equivalent area, the pulse width is cal-
culated as

udT = 8 = udT/uM (29)

Bernelli-Zazzera and Mantegazza7 applied calculus of varia-
tions11 to approximate a delay to minimize the error between the
PAM and PWM systems for short-duration pulses, i.e., pulse dura-
tions that allowed for a first-order approximation of

e~AS = I -A8 (30)

resulting in a delay time

(3 - 0) + (S - 0)<A0]5

where

and

0 = eAT/2

(31)

(32)

(33)

Although this provides a close match between the states of the
PAM and PWM systems for the steady-state response of systems
with a large-amplitude control UM , resulting in small pulse durations,
it does not work well for the transient response and for systems
that operate with smaller control signals, requiring longer pulse
durations.12

Recognizing that the delay in Eq. (31) provides a close match of
the system states when the pulse duration is small, it is clear that
for longer pulse durations the pulse should be centered around this
delay time. A weighting function, geometrically shown in Fig. 3,
can be applied to determine a new delay time

r = r - W8 (34)

where W is a function of the pulse duration and determines the
portion of the pulse to be applied prior to the optimal delay for
short pulses. Because the weighting function is determined a priori
as a function of the pulse duration, complex functions could be
determined to optimize varying performance criteria. To simplify
the effort here, a constant-value W is obtained by recognizing that
as the pulse duration approaches the sample time T the delay time
r should approach 0. Solving this boundary condition provides the
weighting function

(35)

The other boundary condition, that as the pulse duration approaches
zero the delay time should approach T, is achieved in the limit
by the duration itself approaching zero. To meet both boundary
conditions simultaneously, a second degree of freedom must be
added by increasing the complexity of the weighting function.
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Fig. 2 Graphical representation of discrete and PWM controls.
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Fig. 3 Geometric pulse delay weighting function.



532 ZIMPFER, SHIEH, AND SUNKEL

Example: Space Shuttle Attitude Control
To demonstrate the proposed design methodology, an attitude

control law was developed for the Space Shuttle. The design plant
consisted of the rigid-body dynamics of the Space Shuttle with the
Hubble Space Telescope (HST) deployed on the remote manipulator
system (RMS) and the flexible dynamics of the HST extended on
the RMS were treated as an additive uncertainty. The plant was a
linearized model of the Shuttle jet selection and plant dynamics,
with rotational commands as inputs and rate and attitude states as
measurement outputs. The pulse modulator acts to determine pulse
durations or firing times for the rotational commands distributed to
the jet selection logic, which determines the appropriate set of jets
to achieve the desired command. A table-lookup selection scheme
was employed to meet the constant control assumption of the pulse
modulated system. The derivation of the linear plant is provided in
Ref. 12.

The Shuttle/RMS/HST plant model consisted of the three rigid-
body modes and six flex-body modes with frequencies [0.2946,
0.3420, 0.5063, 0.7539, 1.2799, 2.1405] rad/s, and 2% damping.

First, a continuous-time, state-feedback control law was devel-
oped for the rigid-body plant to place the poles in the vertical
strip defined by {0.025, 0.028}, to meet the control specifications
in Table 1. This resulted in

Next, the geometric series digital redesign technique was ap-
plied to determine the discrete-time control gains for a sample time
T = 5 s, as

0.1398 -0.0106 0.0108 6.0103 -0.4540 0.4648"
-0.0013 0.1007 0.0022 -0.0558 4.3273 0.0950
0.0144 0.0026 0.1504 0.6197 0.1129 6.4661

(37)

The pulse modulation parameters were determined based on the
flexible dynamics of the system. The pulse delay was determined

I

' 0.1590 -0.0120
-0.0015 0.1144
0.0164 0.0030

0.0123 6.4227 -0.4852 0.4967"
0.0025 -0.0597 4.6243 0.1015
0.1710 0.6623 0.1207 6.9098

300 400 500
time (sec)

0.025

(36)

Figure 4 provides the singular value response of the designed
continuous-time control law for the design plant and the actual plant
with additive uncertainty, indicating the control provides acceptable
attenuation of the flex-body dynamics.

Table 1 Control design specifications

Specification Criterion

Rise time
Damping
Control energy
Disturbance rejection
Attitude error

<100s
£ >0.7
M < i

Stable to uncertainty
<0.1 deg

-0.005
0 100 200 300

time (sec)
400 500

Fig. 5 Roll axis response comparison, rigid-body design plant: +, dis-
crete; o, PWM; and no symbol, continuous.
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Fig. 4 Closed-loop frequency response.
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-0.08,, 50 100 150 200
time (sec)

250 300

Fig. 6 Roll axis system response comparison, actual flexible plant: +,
discrete; o, PWM; and no symbol, continuous.
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Fig. 7 PWM roll axis limit cycle response, actual flexible plant.

to be f = f - W8, where f = 2.9 s and W = 0.58. To eliminate
chattering of the pulse modulated controlled states about the steady-
state reference, a deadband was employed to the control signal. The
parameters of the deadband nonlinearity were selected to achieve
acceptable limit cycle characteristics.

Figure 5 compares the roll axis attitude and rate response of the
continuous-time, discrete-time, and PWM-controlled systems for
the rigid-body design plant. The responses of the three systems
match quite well, although the unique feature of the PWM system

can be seen as a deadband was employed to eliminate control chatter-
ing around the steady-state value, resulting in acceptably small error
in the vehicle attitude. Without this deadband, the error between the
systems would be further minimized, but high-frequency chattering
about the steady-state rate value would be incurred. The deadband
was applied to the control signal based on acceptable attitude and
rate error tolerances at steady state.

Figure 6 compares the performance for the actual plant model
with the additive uncertainty included. The roll axis attitude and
rate states are shown in response to a significant excitation in the
lowest frequency flex mode, which is a roll mode. The state feedback
gains developed for the rigid-body design plant were employed as
output feedback on the measurement, which consisted of the com-
bined rigid-body and flex-body states. Again the results of the three
systems match quite well. The error between the continuous-time
response and the discrete-time and PWM responses is induced from
the slow 5-s sample rate, which is quite close to the periods of the
middle frequencies of interest. As predicted from the continuous-
time eigenvalues, the phase plane response of the actual plant to the
control gains designed, as shown in Fig. 7, is stable, and the additive
uncertainty does not induce unstable limit cycles in the nonlinear
deadband.

For the Shuttle/HST/RMS model, the attitude controller is not re-
quired to explicitly control the motion of the payload via the Shuttle
reaction jets. Therefore, a Kalman filter was employed based on
the modeling uncertainty to estimate the rigid-body states from the
combined system measurements corrupted by the additive uncer-
tainty. Figure 8 compares the roll axis response with the Kalman
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Fig. 8 Roll axis response with Kalman filter, actual flexible plant: +,
discrete; o, PWM; and no symbol, continuous.



534

0.1

0.05

ZIMPFER, SHIEH, AND SUNKEL

0.02,————

A/ s

3 QI h-*--"*r "^fcj
! ' f V
<^).05j- f

-0.1 r ,<

-0.15

0.01

! -0.011 .'

-0.021

20
-0.03]^40 60 80 100 ' 0 20 40 60

time (sec) time (sec)

Fig. 9 Rigid-body attitude and rate estimates for PWM.

80 100

filter included for both the discrete-time and PWM-controlled sys-
tems. The response clearly indicates that little effort was employed
by the controller to damp the modal oscillations, beyond the initial
response to the filter transient. An excellent estimate of the rigid-
body states was achieved as seen in Fig. 9, and the control effort
expended to damp the oscillations seen in the preceding example
was eliminated by the filter. The response in Fig. 9 indicates the
Kalman filter designed for the discrete-time system also provided a
good estimate for the PWM system. This was partially a result of
the minimum pulse size of the control, selected to correspond to the
sample time of the discrete filter. If the filter time were significantly
larger than the minimal pulse duration, significant degradation in
the filter performance would have been expected.

Conclusions
A design methodology has been presented to develop control laws

for systems controlled by constant magnitude on-off control actu-
ators. First, a continuous-time, linear, state-feedback control law
is developed from a linear plant model to meet the required per-
formance specifications. Next, the continuous-time, state-feedback
gains are digitally redesigned via a geometric series method to find
a discrete-time control law that closely matches the states of the dis-
crete controlled system to the original closed-loop, continuous-time
system at each sample instant. Finally, a PWM is developed, employ-
ing a delay in the pulse, to minimize the errors between the states of
the discrete-time controlled system and the PWM-controlled sys-
tem. Consequently, the PWM-controlled system response closely
matches the original closed-loop, continuous-time response at each
discrete sample instant.

Results were supplied demonstrating that the new design method-
ology provided an acceptable control law for attitude control of
the Space Shuttle with the HST extended on the RMS. The design
plant was based on the rigid-body dynamics of the system, and
the flexible-body dynamics resulting from the HST extended on
the RMS were treated as an additive uncertainty. The simulations
indicated that for the rigid-body design plant the states of the PWM-
controlled system closely matched the original continuous-time de-
sign. The deadband employed to avoid jet chattering around the
steady-state value eliminated jet chattering, inducing acceptable at-
titude and rate errors within the specified limit cycle characteristics.
When the additive uncertainty was included in the simulations, the
match between the discrete-time and PWM-controlled systems and
the continuous-time system was slightly degraded. This degradation
resulted from attempting to control bending modes with periods only
slightly longer than the control sample period. Although the perfor-
mance was slightly degraded, an acceptable match between the sys-
tem response was obtained. Additionally, the deadband nonlinearity
employed did not induce unstable limit cycles, which implies the

attenuation of these bending modes found in the continuous-time
control design was maintained, and consequently, closed-loop sta-
bility was achieved by the PWM control. Finally, a Kalman filter
was implemented to provide an estimate of the rigid-body states for
control. The filter provided a good response for both the discrete-
time and PWM-controlled systems. Although the modes were still
excited by the control firings, this excitation was ignored by the
control law, and the modes were allowed to damp naturally.
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